ocusingNLS

GIBBS MEASURE FOR THE FOCUSING QUINTIC NLS

In this note, we review the work of Lebowitz-Rose-Speer for the construction of
the Gibbs measure ([3]) for the focusing NLS on the circle:

(0.1) {iatu +Pu+ul'u=0, (t,z)eRxT,

u’t:O = U

via the variational method of Boué-Dupuis and popularized by Barashkov-Gubinelli.
The note is self-contained except for the variational formula Proposition [3.1]

1. GAUSSIAN FREE FIELD

The Gaussian measure 7, is the law of the random Fourier series
w 9k (w)eik‘x

x) = —_

@) =) ==

ke
where (gr(w))rez are i.i.d. standard complex gaussians, that is
Xip(w) + 1Y, (w
a(w) = (w) ( )7
V2
and Xp, Y, are mutually independent. Note that +; has the covariance operator
1
(1 —A)~! and formally, dy,(u) = Zile_ﬁ““”?ﬂdu.
For fixed N € Z, set

Xk, Yy ~ Ng(0,1)

gk<w)eikm
Gile) = Tyg? = 3 S
; ,;N V1+k
where Il is the Fourier projector such that HN(ZkeZ fkei’“> = ZIMSN fretke,
Fix o € (0,3). We have
E[[l¢n — oll3.] < CN~027) 0,
by the Chebyshev’s inequality, for any ey > 0,
P{||¢% — ¢*||ms > €0} < Ceg?’N~1727) -0, N — oo.

Therefore, ¢ converges in probability to ¢“. In particular, the law v,y of ¢%
converges to ;.

To get an idea of the law 7, y which can be viewed as a Gaussian measure on the
finite-dimensional space C?N*1. Set 0y, = a;, + ib; and

dLy(u) == [] dix == ] dadb

k<N |k|<N

the Lebesgue measure on C*¥™ then viewing (e’**), <y as a basis of C*N*!, the
law v, 5 can be written as

1

o™ Zmen SR () = e SO g,

1
dy n(u) == >
LN LN i

1
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where the normalization constant

1 (g2 Rt 4w (47r)20NH1 1\-1!
Z = () g Ay, = - (1 ——> .
LN /CQNH I e dadye =[] 7575 (N1 11 (1

k| <N Ik|<N k|<N

Note that Z; y — 0. From the density formula of v; n, we remark that

1
dy y(u) = Ee—%l\ﬂwu\lil ATl yu.

Remark 1.1. As an exercise, one can check the Fernique theorem:

2
/ emH“”H”d% < 0.

However,

lim [ el

2
wtdy y = 00,
N—oo He

for any ¢y > 0.

2. THE GIBBS MEASURE AND THE GROUND STATE (SOLITON)

Note that (0.1) is a Hamiltonian system associated to the Hamiltonian

1 1
Hu::/ — |0, ul*dr — =|ul®)dz.
W= [ (Glomufde — glul)

The Gibbs measure of (0.1)) has the formal expression dp(u) = 2e 7l du. Due to
the non-existence of the Lebesgue measure du, we might define dp(u) by dp(u) =

eslvle dv1(u). However, it turns out that the formal density esl“lis is not integrable
with respect to dv;.

Roughly speaking, to define a meaningful Gibbs measure, we require that the
quadratic part (which is positive) in H[u| is dominant. This is impossible without
any constraint on the mass (another conserved quantity of (0.1))) [lul/z2. It turns
out that the threshold of the mass truncation is dictated by the sharp Gagliardo-
Nirenberg inequality

11156 < Conll fell 2oyl 72 w)»

where Cany = %. The equality is attained by the ground state @@ = Q(z), which

is radial, positive, exponentially decreasing at infinity and is satisfied the elliptic
equation

—Q"+cQ - Q°=0.
Recall that the ground state satisfies H[Q)] = 0, hence

Canll@Nzam = 3-
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So if ||ullr2m) < [|Ql z2(r), We have

1 1
Hlu) =3 ue 2@ — gllullzom)

1 Can
Z_HUIH%Q(R)_ 6 ||Ux||L2R)||U||L2(R

S H22 ( _ Hu” (R) ”QH )
2T QN gy 311 Qa2

1 9 < | HL
— 1 ) > 0.
2” HLQ(R) HQ||L2 R%)

This means that when we truncate the mass by K < [|Q| 2m), by the sharp

Gagliardo-Nirenberg inequality, the formal measure vg(du) := e 71, , gdu

—cluz ||

is dominated by the quadratic form e r2du, which is normalizable. In the next

section we make this heuristics rigorous.

3. NORMALIZABLE BELOW THE MASS THRESHOLD OF THE GROUND STATE
3.1. Variational formulation. Let {Bj(-)}xez2 be a collection of standard Brow-

nian motions on the probability space (2, F,P) such that By = B_; and otherwise
independent. Let
Z B zk::v

keZ
which is the cylindrical Brownian motion on L?*(T) adapted to the filtration (F;)
generated by {By}.
For every N, let Sy be the operator such that

— f(k
@) St =7 e
Let W (t) := SnX(t), and for every N, define the measure Qy by
d Y -
% . Z_Ne—ng\wNm\Gd Ao (Wa(1)]2) -

Here, the integration variable in x is from Wx (1) = Wx(1,-). For t = 1, we also
simply write W for Wy (1). Then

Lawp (WN(l)) =,

and the normalisation constant Zy is the same as above.
For a space-time function v, we denote

In(v) := Sy /Olv(s)ds.

In order to estimate the partition function, we will make use of the following varia-
tional formula:

ational_BD| Proposition 3.1 ([1][2]). Let F be a real-valued bounded functional, we have
ariational| (3.2) log EP[ WN)} = sup EP[ (W +In(v / |o(t ||L2dt
veH,

H, denotes all predictable processes in L? with respect to the filtration generated by
the process X (t).
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3.2. Normalizable for the case K < [|Q||;2r). Since
Zy =E¥ [eXp (5\\WN\!§6) 1||WNHLQSK}

1
=EP | exp (ZIWaloqo Liwi, o< ) | —BlIW L2 > K].

J/

-~

ZN, K

To prove the normalizable below the mass of the soliton: K < ||Q||r2(r), we have to
show that uniformly in NV,

+oo > —log Zn x > —00.
Take v = 0, we obtain easily a lower bound for log Zy x by
1
_EF [—/|WN]6dx] < (< 0,

6 Jr
uniformly in N. To proceed on, we need the following version of the sharp Gagliardo-
Nirenberg inequality on T:
Lemma 3.2. For any § > 0, there exists Cs > 0, such that for all f € H*(T),

£ 126y < (Can + 0)° fall a1 2y + Coll Fll 2y

Proof. The proof is elementary from the sharp Gagliardo-Nirenberg inequality on
R, we refer to [5] for details. O

eNotation: For M € N, denote
My f =Y flk)e*™, Iy f = f—Tyf.

|k|<M
To obtain the upper bound of log Zx k, we make use of (3.2)) for
1
FW) = 6||HNW||6LelHnNWHL2§K-
We remark first that by Cauchy-Schwarz,

e ) 1 (! 2 1 )
5 [ Il = 5| [ o] = ST
0 0

Thus for any v € H,,
EP [ /mm{uumImmwm—% Jlie) + /u )i

< sup B[ [ Wy + VIdo - 1o (W + Vi) = 5IVIE ]

VeH!
where V' = Zy(v).
Therefore, to prove the normalizable of the Gibbs measure, we have to show that

1 1
(3.3) EP [ Wy + VI Loaa (IWx + Vi2) = 5 IVIE ] < €,
uniformly for all V' € H*'. Since for any o > 0,

Wy + V|8 < (1 +0)|V]S6 + C,||[Wil[Se

and the expectation of |[Wy||%s is uniformly bounded in N, it suffices to show that

1 1
(3.4) B [I] :=E” | V2o Lo, (W + V22) = §HVH§11]
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is uniformly bounded in N and for V' € H'. To this end, we need to estimate the first
term on the right hand side. The heuristic is that, the high frequency portion for Wy
is essentially very small so that we are able to apply the sharp Gagliardo-Nirenberg
inequality to control it by the kinetic energy of 113,V while for the low-frequency
portion, we use simply Bernstein. Now we make precise the above heuristic via a
stopping time argument.

Pick 0 < 0p < ||Q||r2r) — K. Given a dyadic number M > 1, we set

En = {|NgWylr2 > o, YL < M, [T, Wn|lz2 < do}

and

Eo = {Wnllz2 <o} 5% = {[[Wn[r2 > do, ”HlLVVNHL2 < o}

Since ||II3,Wx||z2 — 0, a.s. as M — oo, we have the decomposition

1=1¢ + Z 1¢,,, a.s.

M>1
Now we estimate term by term for M = 0, %, M > 1 dyadic
1 1
(3.5) Lvar = (ZIVISs Lo (W + Vlzz) = 1V I ) Le

For fixed M > %, we have for any small o > 0,
TGV Zo Loy (T3 (W + V)ll22) ey,
<(1+ ) [T V1 5o 2o (1Mo (Wi + V)| 122) L,
+Co | Mans V| §6 Lo,y (1T Tanr (W + V) [ 12) ey,
<(1+ U)HH%MVH(SLG1[0,K+||H§-MWN||L2](HH;MVHLQ)]-EM
(3.6) +Co M| Uans VI[72 Lo, st mgns il o) (1M2s V| 22) ey
where we used Bernstein and the fact that
M0,V + I MoV 5o < (1 + 0) [T, VIIge + CollTaar V|30

and the fact that ||[II&(Wy + V)||z2 < K implies that |[IIIE(Wy + V)2 < K for
I € {Iap, Iy, -
For the high frequency part, we estimate using Gagliardo-Nirenberg

(1 -+ o) [TV 1% Lo (1T, (Wi + V)ll22)1e,
<(1+ 0) O (K + [Ty, Wiyl 1) 10T VI Ly, + Co (K + [Ty Wi 12) L,
<(L+ 0) Ol (K + 60) [T VI3 ey, + Co (K + [Ty, Will12) e,

where to the last step, we use the fact that on &y, |15, W | z2 < do. Similarly, on
607

VI Ze Lok (W + Viz2)1ey <IIVIIZ6 L0400 (1V I 22)Leg
<Cen(E +00) [V [IEnLe, + Co (K +00) e,
Using the fact that ||V||z > || 113,V for any dyadic M > 3, we deduce that

1+0)3 1
s <(E (0 00" = D) Iy Ve,
BT) AU + W) Ty, + CoME (K + [T Wal )Ly

where the last term comes from the Bernstein inequality
TV 26 < CM? | Tan V72 < CMP(K + [[Ton Wi || 2)°
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on &;. We also have
1 1
Lo < (GO +80)' = 5 ) IV Iin1e, <0

since K 48y < ||Q||z2(r)- By choosing o sufficiently small, the first term on the right
hand side of (3.7)) is negative. Moreover, we have

Z C,K1g, =C, K, a.s.,

M>1
and EP||[Wx||%s + E||II5,, WS, < C. So to conclude, it remains to show that
(3.8) > MPEP((K + |TapWllz2)'1e,,] < C.

M>1
Since
E”[Le,,] < Py Wllze > do},

Recall the following large deviation bound:

Lemma 3.3. Let X¥ is a Gaussian random field on L?(T), then there exist Cy, co >
0 such that for any A > 1,

P{|| X% |2 > A} < Coe N EIXI:2.
Proof. Write
XUJ — ch . .§]]<;((J‘))(3Zlcclc7

kez
we have (c)ken € *(Z) and E[|| X% ||2,] = [|ck||%
For any o > 0 such that «|c|? < 1 for all k € Z, we have

P{IX“[2: > A2 =P{exp (0 Y lexPlgn(w)) > e}

kEZ

<[ exp (0 Y laflon()?)
kEZ
—e= ¥ [ E[ectesFlan]

keZ
o T - oei-alent’) < mo0®-2lanly),
kez
where to the last inequality, we used —log(1 — a) < 2a for 0 < a < 1. OJ

Applying Lemma [3.3/to X = M2 - II5, Wy with variance O(1) in L2, we deduce
that

(3.9) EP[1¢,,] < P[5 Wallr2 > do] < Coe %M.
By Cauchy-Schwarz, we have

Z MQ]EPKK‘F HHQMWNHL2)615M]

M>1/2
<Cx > M1+ (BR[| Wi | 3)?) (EP[1e,,))2
M>1/2
<Ck Y M2 M < C
M>1/2

This proves (3.8) and finally (3.3)).
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4. NON-NORAMLIZABLE ABOVE THE MASS OF THE GROUND STATE

In this section, we assume that K > [|@Q|/,2r) and show that log Zy is NOT
uniformly bounded.

4.1. Rescaled soliton. Let a € (0, 1) sufficiently small such that (14 2a)||Q]| 12 <
K. For A € R, consider the rescaled soliton in R

Qra(®) == (1 + )A2Q(Ax).
Direct computation yields

ledsoliton| (4.1)
22

1Qxallzz@ = 1+ ) [Qll2@), El@ral = —[(1+ @)’ = (14 a)’]|Qll s <O

Note that @), is a candidate for proving the existence of blowup solutions for the
focusing mass critical NLS on R, via the viral argument.

Now we would like to use @, o as a candidate (time-independent, deterministic) of
the test function in the variational formula to build up an unbounded sequence.
That is to say, we want to choose the function v in such that V = Zy(v) = Qxa-
However, there are two issues for this naive choice. Firstly, ()5, is not a function
on T. Secondly, @), is not exactly frequency-localized at size smaller than N, as
required from the definition Zy. Nevertheless, when A > 1, ), , is very concentrated
near the original (of size |x| < 1/X). Moreover, if A = %, say, then the high frequency
portion of @, is negligible, i.e. IxQr0 = O(N~4) for any A > 0. In summary,
it is flexible to modify @)y, accordingly with a small perturbation of the identities
. Therefore, to avoid too much technicalities, below we still work with ), , and
pretend that Qo = Hn@xq-

We first show that the mass and energy of (), are essentially concentrated at
relative high frequencies. Indeed,

5 o ()5
Qra(©) = =77Q().
and we compute that
5 Mz ~ M
HQ,\,al\agMHL?(R) = O( 2 )7 |||5|Q/\,a1\£|§MHL2(R) = O()\_%)
Therefore,
M3 M3
uencebound | (4.2) I @Qxallr2 < C)\l . ElllyQh.] < C)\l .

4.2. Non-normalizable when K > [|Q||;2r®). Pick (1 +20)|Q||2 < K; < K, we
have for any o € (0, 1), there exists C, > 0, such that

P LWy P LW, _
E” [e 2 1wy, <x] 2EY [e P Lns Wl e <Ky LMWl <(k2—K2)1/2)

P 52Ty WallSs —Co [Ty Wi 8¢
>E [e L 1||Hﬁ1WN||L2SK1 e L 1||HIWWN||L2§(K2*K12)1/2i|’

where 1 < M < N will be fixed later. Using the fact that I3, Wy is independent
of Iy, Wy, the above quantity equals to

P [ 152 T3 WallS }
em,NE [e L 1||H]J\-4WNHL2§K1 )

where
e—CaHHMWNH6

_ wP 6
EM,N ‘= E [ L 1HHMWNHL2§(K2—K%)1/2]'
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Note that for fixed M, €js n is uniformly bounded from below in V.
Pick 0 < 0 < K; — ||@xl/z2, then

1ol 6
EP [e 6 ”HJMWN”LG1||H*4WN||L2§K1:|
1—0
:EP[eXP< 6 HHEWN||6L61||HﬁWN||L2§KI)} — P[HHJ\L/IWNHLz > K|
=l — Py Wyll2 > K],

where
' p l—0o, | 6
Iyn:=E [GXP ( 6 1T W76 - 1||H$,WN—QA,QIIL2§6>]

It suffices to show that for appropriately chosen M, I; n is unbounded in V.
To this end, we apply the variational formula (3.2) to

1—0

FW) = 5 T TN W |G Ly wy— a2 <60

it suffices to show that
1—0
6

is unbounded as N — oo.
As in the analysis in the previous subsection, we first minorize

Wy + Qxallze = (1= 0)1Qxallze — ColWillze

for small enough o € (0,1) to be specified later. As the expectation of ||[Wx||%, is
bounded, it suffices to show that

(1-o0)

1
Qi Lyt w101 o0 — 51 @nallE]

EP

1
1Ty Wy + QA,aHGLG1||HJLV[WN—HMQA,Q||L2§ - §||Qx,a||§{1

(43) JM,N = EP [
is unbounded from above as N — oo.
We minorize
(1-0)

1
v ZEP | (S 1 @nallle = 31@uallf ) L -1a@s 00

1
_§EP [H Q)\,Oé ||?{1 1||H1J\‘/1WN—HMQA,Q ll 2 >5} )

For ¢ small enough,

(1—0)? 1
1 @nallzs = Fl@xalli = (@)X Q 26 ey,

thus
Jun =c(@)N]|Q S Pl My W — I Quallr2 < 0
—c1 ()N QN T Py Wy — T Qnrall2 > 6]

Hence it suffices to show that there exists M > 1 such that for any sufficiently large
N A=
10°

c(a) [1QN%s

4.4 P[|[IL Wy — Iy Qxallr2 > 6] < :
(44) MWy = Ts@aallze > 0 < 12755 1012
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Indeed, recall that [[IIyQxallrz < Cy/3. As far as M < 62N,

Py Wy — My Qxallrze > 6 <Py Wallze > 6 — [[TarQxallre]

0
<P Wyl > 5]

From (3.9), we have (with §y = g)
)
P[”HﬂWNH[} > 5} < Coe_CMy‘

Therefore, by choosing M large enough such that

c(a) 1Rl

C e—cM52 < ’
’ der(a) QI

then for any N > 5M2, we obtain (4.4]).
In summary, we have shown that Jy, vy — oo as N — oo, and this proves the
non-normalizable for the case K > ||Q|| r2(r)-

eFinal remark for the case K = ||Q|[z2): For the normalizability, the answer
is yes, thanks to the celebrated work of Oh-Sosoe-Tolomeo [5], where the Gibbs

measure with mass truncation Lo gy, | (||w||z2) is constructed. As we already know

that for the mass-critical focusing NLS on R (which is the case for the quintic 1D
NLS), at the mass threshold of the soliton, solutions can blowup. Moreover, Merle
has shown that ([4]) any minimal mass blowup solution is the soliton modulo the
pseudo-conformal symmetry. Thus the result in [5] illustrates that minimal mass
blowup solutions are negligible from the macroscopic point of view.
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