
GIBBS MEASURE FOR THE FOCUSING QUINTIC NLS

In this note, we review the work of Lebowitz-Rose-Speer for the construction of
the Gibbs measure ([3]) for the focusing NLS on the circle:{

i∂tu+ ∂2
xu+ |u|4u = 0, (t, x) ∈ R× T,

u|t=0 = u0

focusingNLSfocusingNLS (0.1)

via the variational method of Boué-Dupuis and popularized by Barashkov-Gubinelli.
The note is self-contained except for the variational formula Proposition 3.1.

1. Gaussian free field

The Gaussian measure γ1 is the law of the random Fourier series

φω(x) :=
∑
k∈Z

gk(ω)eikx√
1 + k2

,

where (gk(ω))k∈Z are i.i.d. standard complex gaussians, that is

gk(ω) =
Xk(ω) + iYk(ω)√

2
, Xk, Yk ∼ NR(0, 1)

and Xk, Yk are mutually independent. Note that γ1 has the covariance operator

(1−∆)−1, and formally, dγ1(u) = 1
Z1

e−
1
2
‖u‖2

H1du.
For fixed N ∈ Z, set

φωN(x) := ΠNφ
ω :=

∑
|k|≤N

gk(ω)eikx√
1 + k2

,

where ΠN is the Fourier projector such that ΠN

(∑
k∈Z fke

ikx
)

=
∑
|k|≤N fke

ikx.

Fix σ ∈ (0, 1
2
). We have

E[‖φN − φ‖2
Hσ ] ≤ CN−(1−2σ) → 0,

by the Chebyshev’s inequality, for any ε0 > 0,

P{‖φωN − φω‖Hs > ε0} ≤ Cε−2
0 N−(1−2σ) → 0, N →∞.

Therefore, φωN converges in probability to φω. In particular, the law γ1,N of φωN
converges to γ1.

To get an idea of the law γ1,N which can be viewed as a Gaussian measure on the
finite-dimensional space C2N+1. Set ûk = ak + ibk and

dLN(u) :=
∏
|k|≤N

dûk :=
∏
|k|≤N

dakdbk

the Lebesgue measure on C2N+1, then viewing (eikx)|k|≤N as a basis of C2N+1, the
law γ1,N can be written as

dγ1,N(u) :=
1

Z1,N

e−
∑
|k|≤N

1
2

(1+k)2|ûk|2dLN(u) =
1

Z1,N

∏
|k|≤N

e−
1
2

(1+k2)|ûk|2dûk,

1
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where the normalization constant

Z1,N :=

∫
C2N+1

∏
|k|≤N

e−
1
2

(1+k2)
a2k+b

2
k

2 dakdbk =
∏
|k|≤N

4π

1 + k2
=

(4π)2N+1

(N !)4

∏
|k|≤N

(
1+

1

k2

)−1

.

Note that Z1,N → 0. From the density formula of γ1,N , we remark that

dγ1,N(u) =
1

Z1,N

e−
1
2
‖ΠNu‖2H1dΠNu.

Remark 1.1. As an exercise, one can check the Fernique theorem:∫
Hσ

eε0‖u‖
2
Hσdγ1 <∞.

However,

lim
N→∞

∫
Hσ

ec0‖ΠNu‖
2
H1dγ1,N =∞,

for any c0 > 0.

2. The Gibbs measure and the ground state (soliton)

Note that (0.1) is a Hamiltonian system associated to the Hamiltonian

H[u] :=

∫
T

(1

2
|∂xu|2dx−

1

6
|u|6
)

dx.

The Gibbs measure of (0.1) has the formal expression dρ(u) = 1
Z e−H[u]du. Due to

the non-existence of the Lebesgue measure du, we might define dρ(u) by dρ(u) =

e
1
6
‖u‖6

L6dγ1(u). However, it turns out that the formal density e
1
6
‖u‖6

L6 is not integrable
with respect to dγ1.

Roughly speaking, to define a meaningful Gibbs measure, we require that the
quadratic part (which is positive) in H[u] is dominant. This is impossible without
any constraint on the mass (another conserved quantity of (0.1)) ‖u‖L2 . It turns
out that the threshold of the mass truncation is dictated by the sharp Gagliardo-
Nirenberg inequality

‖f‖6
L6(R) ≤ C6

GN‖fx‖2
L2(R)‖f‖4

L2(R),

where CGN = 4
π2 . The equality is attained by the ground state Q = Q(x), which

is radial, positive, exponentially decreasing at infinity and is satisfied the elliptic
equation

−Q′′ + cQ−Q5 = 0.

Recall that the ground state satisfies H[Q] = 0, hence

C6
GN‖Q‖4

L2(R) = 3.
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So if ‖u‖L2(R) < ‖Q‖L2(R), we have

H[u] =
1

2
‖ux‖2

L2(R) −
1

6
‖u‖6

L6(R)

≥1

2
‖ux‖2

L2(R) −
CGN

6
‖ux‖2

L2(R)‖u‖4
L2(R)

=
1

2
‖ux‖2

L2(R)

(
1−
‖u‖4

L2(R)

‖Q‖4
L2(R)

‖Q‖6
L6

3‖Qx‖2
L2(R)

)
=

1

2
‖ux‖2

L2(R)

(
1−

‖u‖4
L2(R)

‖Q‖4
L2(R2)

)
> 0.

This means that when we truncate the mass by K < ‖Q‖L2(R), by the sharp

Gagliardo-Nirenberg inequality, the formal measure νK(du) := e−H[u]1‖u‖L2<Kdu

is dominated by the quadratic form e−c‖ux‖
2
L2du, which is normalizable. In the next

section we make this heuristics rigorous.

3. Normalizable below the mass threshold of the ground state

3.1. Variational formulation. Let {Bk(·)}k∈Z2 be a collection of standard Brow-
nian motions on the probability space (Ω,F ,P) such that Bk = B−k and otherwise
independent. Let

X(t) =
∑
k∈Z

Bk(t)e
ikx ,

which is the cylindrical Brownian motion on L2(T) adapted to the filtration (Ft)
generated by {Bk}.

For every N , let SN be the operator such that

eq:S_Neq:S_N (3.1) ŜNf(k) =
f̂(k)

〈k〉
· 1|k|≤N .

Let WN(t) := SNX(t), and for every N , define the measure QN by

dQN

dP
:=

1

ZN
e−

1
6

∫
T |WN (1)|6dx · 1[0,K](‖WN(1)‖L2) .

Here, the integration variable in x is from WN(1) = WN(1, ·). For t = 1, we also
simply write WN for WN(1). Then

LawP

(
WN(1)

)
= γ1 ,

and the normalisation constant ZN is the same as above.
For a space-time function v, we denote

IN(v) := SN
∫ 1

0

v(s)ds.

In order to estimate the partition function, we will make use of the following varia-
tional formula:

pr:variational_BD Proposition 3.1 ([1][2]). Let F be a real-valued bounded functional, we have

logEP
[
eF (WN )

]
= sup

v∈Ha

EP
[
eF (WN+IN (v)) − 1

2

∫ 1

0

‖v(t)‖2
L2dt

]
,eq:variationaleq:variational (3.2)

Ha denotes all predictable processes in L2 with respect to the filtration generated by
the process X(t).
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3.2. Normalizable for the case K < ‖Q‖L2(R). Since

ZN =EP
[

exp
(1

6
‖WN‖6

L6

)
1‖WN‖L2≤K

]
=EP

[
exp

(1

6
‖WN‖6

L6(T)1‖WN‖L2≤K

)]
︸ ︷︷ ︸

ZN,K

−P[‖WN‖L2 > K].

To prove the normalizable below the mass of the soliton: K < ‖Q‖L2(R), we have to
show that uniformly in N ,

+∞ > − logZN,K > −∞.
Take v ≡ 0, we obtain easily a lower bound for logZN,K by

−EP
[1

6

∫
T
|WN |6dx

]
≤ C <∞,

uniformly in N . To proceed on, we need the following version of the sharp Gagliardo-
Nirenberg inequality on T:

sharpGNT Lemma 3.2. For any δ > 0, there exists Cδ > 0, such that for all f ∈ H1(T),

‖f‖6
L6(T) ≤ (CGN + δ)6‖fx‖2

L2(T)‖f‖4
L2(T) + Cδ‖f‖6

L2(T).

Proof. The proof is elementary from the sharp Gagliardo-Nirenberg inequality on
R, we refer to [5] for details. �

•Notation: For M ∈ N, denote

ΠMf :=
∑
|k|≤M

f̂(k)eikx, Π⊥Mf := f − ΠMf.

To obtain the upper bound of logZN,K , we make use of (3.2) for

F (W ) :=
1

6
‖ΠNW‖6

L61‖ΠNW‖L2≤K .

We remark first that by Cauchy-Schwarz,

1

2

∫ 1

0

‖v(t)‖2
L2dt ≥

1

2

∥∥∥∫ 1

0

v(t)dt
∥∥∥2

L2
≥ 1

2
‖IN(v)‖2

H1 .

Thus for any v ∈ Ha,

EP
[1

6

∫
T
|WN + IN(v)|6dx · 1[0,K](‖WN − IN(v)‖L2) +

1

2

∫ 1

0

‖v(t)‖2
L2dt

]
≤ sup

V ∈H1

EP
[1

6

∫
T
|WN + V |6dx · 1[0,K](‖WN + V ‖L2)− 1

2
‖V ‖2

H1

]
.

where V = IN(v).
Therefore, to prove the normalizable of the Gibbs measure, we have to show that

EP
[1

6
‖|WN + V ‖6

L61[0,K](‖WN + V ‖L2)− 1

2
‖V ‖2

H1

]
≤ C,uniformupperbounduniformupperbound (3.3)

uniformly for all V ∈ H1. Since for any σ > 0,

‖WN + V ‖6
L6 ≤ (1 + σ)‖V ‖6

L6 + Cσ‖WN‖6
L6

and the expectation of ‖WN‖6
L6 is uniformly bounded in N , it suffices to show that

EP[IN ] := EP
[1

6
‖V ‖6

L61[0,K](‖WN + V ‖L2)− 1

2
‖V ‖2

H1

]
boundedgoalboundedgoal (3.4)
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is uniformly bounded in N and for V ∈ H1. To this end, we need to estimate the first
term on the right hand side. The heuristic is that, the high frequency portion for WN

is essentially very small so that we are able to apply the sharp Gagliardo-Nirenberg
inequality to control it by the kinetic energy of Π⊥MV , while for the low-frequency
portion, we use simply Bernstein. Now we make precise the above heuristic via a
stopping time argument.

Pick 0 < δ0 < ‖Q‖L2(R) −K. Given a dyadic number M ≥ 1, we set

EM := {‖Π⊥LWN‖L2 > δ0, ∀L ≤M, ‖Π⊥2MWN‖L2 ≤ δ0}
and

E0 := {‖WN‖L2 ≤ δ0} E 1
2

:= {‖WN‖L2 > δ0, ‖Π⊥1 WN‖L2 ≤ δ0}.
Since ‖Π⊥MWN‖L2 → 0, a.s. as M →∞, we have the decomposition

1 = 1E0 +
∑
M≥ 1

2

1EM , a.s.

Now we estimate term by term for M = 0, 1
2
,M ≥ 1 dyadic

IN,M :=
(1

6
‖V ‖6

L61[0,K](‖WN + V ‖L2)− 1

2
‖V ‖2

H1

)
1EMINMINM (3.5)

For fixed M ≥ 1
2
, we have for any small σ > 0,

‖Π⊥1 V ‖6
L61[0,K](‖Π⊥1 (WN + V )‖L2)1EM

≤(1 + σ)‖Π⊥2MV ‖6
L61[0,K](‖Π⊥2M(WN + V )‖L2)1EM

+Cσ‖Π2MV ‖6
L61[0,K](‖Π⊥1 Π2M(WN + V )‖L2)1EM

≤(1 + σ)‖Π⊥2MV ‖6
L61[0,K+‖Π⊥2MWN‖L2 ](‖Π⊥2MV ‖L2)1EM

+CσM
2‖Π2MV ‖6

L21[0,K+‖Π2MWN‖L2 ](‖Π2MV ‖L2)1EM ,splittingMsplittingM (3.6)

where we used Bernstein and the fact that

‖Π⊥2MV + Π⊥1 Π2MV ‖6
L6 ≤ (1 + σ)‖Π⊥2MV ‖6

L6 + Cσ‖Π2MV ‖6
L6

and the fact that ‖Π⊥1 (WN + V )‖L2 ≤ K implies that ‖Π̃Π⊥1 (WN + V )‖L2 ≤ K for

Π̃ ∈ {Π2M ,Π
⊥
2M}.

For the high frequency part, we estimate using Gagliardo-Nirenberg

(1 + σ)‖Π⊥2MV ‖6
L61[0,K](‖Π⊥2M(WN + V )‖L2)1EM

≤(1 + σ)C6
GN(K + ‖Π⊥2MWN‖L2)4‖∂xΠ⊥MV ‖2

L21EM + Cσ(K + ‖Π⊥2MWN‖L2)61EM

≤(1 + σ)C6
GN(K + δ0)4‖Π⊥2MV ‖2

H11EM + Cσ(K + ‖Π⊥2MWN‖L2)61EM ,

where to the last step, we use the fact that on EM , ‖Π⊥2MWN‖L2 ≤ δ0. Similarly, on
E0,

‖V ‖6
L61[0,K](‖WN + V ‖L2)1E0 ≤‖V ‖6

L61[0,K+δ0](‖V ‖L2)1E0

≤C6
GN(K + δ0)4‖V ‖2

H11E0 + Cσ(K + δ0)61E0 .

Using the fact that ‖V ‖H1 ≥ ‖Π⊥2MV ‖H1 for any dyadic M ≥ 1
2
, we deduce that

IN,M ≤
((1 + σ)3

6
C6

GN(K + δ0)4 − 1

2

)
‖Π⊥2MV ‖2

H11EM

+Cσ(K + ‖Π⊥2MWN‖L2)61EM + CσM
2(K + ‖Π2MWN‖L2)61EM ,INM’INM’ (3.7)

where the last term comes from the Bernstein inequality

‖Π2MV ‖6
L6 ≤ CM2‖Π2MV ‖6

L2 ≤ CM2(K + ‖Π2MWN‖L2)6
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on EM . We also have

IN,0 ≤
(1

6
C6

GN(K + δ0)4 − 1

2

)
‖V ‖2

H11E0 < 0

since K+δ0 < ‖Q‖L2(R). By choosing σ sufficiently small, the first term on the right
hand side of (3.7) is negative. Moreover, we have∑

M≥ 1
2

CσK1EM = CσK, a.s.,

and EP‖WN‖6
L6 + E‖Π⊥2MWN‖6

L2 ≤ C. So to conclude, it remains to show that∑
M≥ 1

2

M2EP[(K + ‖Π2MWN‖L2)61EM ] ≤ C.finalboundfinalbound (3.8)

Since

EP[1EM ] ≤ P{‖Π⊥MWN‖L2 > δ0},
Recall the following large deviation bound:

largedeviation Lemma 3.3. Let Xω is a Gaussian random field on L2(T), then there exist C0, c0 >
0 such that for any λ ≥ 1,

P{‖Xω‖L2 > λ} ≤ C0e−c0λ
2E‖X‖2

L2 .

Proof. Write

Xω =
∑
k∈Z

ck · gk(ω)eikx,

we have (ck)k∈N ∈ l2(Z) and E[‖Xω‖2
L2 ] = ‖ck‖2

l2 .
For any α > 0 such that α|ck|2 < 1 for all k ∈ Z, we have

P{‖Xω‖2
L2 > λ2} =P

{
exp

(
α
∑
k∈Z

|ck|2|gk(ω)|2
)
> eαλ

2
}

≤e−αλ
2E
[

exp
(
α
∑
k∈Z

|ck|2|gk(ω)|2
)]

=e−αλ
2
∏
k∈Z

E
[
eα|ck|

2|gk(ω)|2]
=e−αλ

2
∏
k∈Z

e− log(1−α|ck|2) ≤ e−α(λ2−2‖ck‖2l2 ),

where to the last inequality, we used − log(1− a) < 2a for 0 < a < 1. �

Applying Lemma 3.3 to X = M
1
2 · Π⊥MWN with variance O(1) in L2, we deduce

that

EP[1EM ] ≤ P[‖Π⊥MWN‖L2 > δ0] ≤ C0e−c0δ
2
0M .probEMprobEM (3.9)

By Cauchy-Schwarz, we have∑
M≥1/2

M2EP[(K + ‖Π2MWN‖L2)61EM ]

≤CK
∑
M≥1/2

M2(1 + (EP[‖Π2MWN‖12
L2 ])1/2)(EP[1EM ])

1
2

≤CK
∑
M≥1/2

M2e−cδ
2
0M ≤ C.

This proves (3.8) and finally (3.3).



GIBBS MEASURE FOR THE FOCUSING QUINTIC NLS 7

4. Non-noramlizable above the mass of the ground state

In this section, we assume that K > ‖Q‖L2(R) and show that logZN is NOT
uniformly bounded.

4.1. Rescaled soliton. Let α ∈ (0, 1) sufficiently small such that (1 + 2α)‖Q‖L2 <
K. For λ ∈ R, consider the rescaled soliton in R

Qλ,α(x) := (1 + α)λ
1
2Q(λx).

Direct computation yields

‖Qλ,α‖L2(R) = (1 + α)‖Q‖L2(R), E[Qλ,α] = −λ
2

6
[(1 + α)6 − (1 + α)2]‖Q‖6

L6(R) < 0.

scaledsolitonscaledsoliton (4.1)

Note that Qλ,α is a candidate for proving the existence of blowup solutions for the
focusing mass critical NLS on R, via the viral argument.

Now we would like to use Qλ,α as a candidate (time-independent, deterministic) of
the test function in the variational formula (3.2) to build up an unbounded sequence.
That is to say, we want to choose the function v in (3.2) such that V = IN(v) = Qλ,α.
However, there are two issues for this naive choice. Firstly, Qλ,α is not a function
on T. Secondly, Qλ,α is not exactly frequency-localized at size smaller than N , as
required from the definition IN . Nevertheless, when λ� 1, Qλ,α is very concentrated
near the original (of size |x| ≤ 1/λ). Moreover, if λ = N

10
, say, then the high frequency

portion of Qλ,α is negligible, i.e. Π⊥NQλ,α = O(N−A) for any A > 0. In summary,
it is flexible to modify Qλ,α accordingly with a small perturbation of the identities
(4.1). Therefore, to avoid too much technicalities, below we still work with Qλ,α and
pretend that Qλ,α = ΠNQλ,α.

We first show that the mass and energy of Qλ,α are essentially concentrated at
relative high frequencies. Indeed,

Q̂λ,α(ξ) =
(1 + α)

λ
1
2

Q̂
( ξ
λ

)
,

and we compute that

‖Q̂λ,α1|ξ|≤M‖L2(R) = O
(M 1

2

λ
1
2

)
, ‖|ξ|Q̂λ,α1|ξ|≤M‖L2(R) = O

(M 3
2

λ
1
2

)
.

Therefore,

‖ΠMQλ,α‖L2 ≤ CM
1
2

λ
1
2

, E[ΠMQλ,α] ≤ CM
3
2

λ
1
2

.lowfrequenceboundlowfrequencebound (4.2)

4.2. Non-normalizable when K > ‖Q‖L2(R). Pick (1 + 2α)‖Q‖L2 < K1 < K, we
have for any σ ∈ (0, 1), there exists Cσ > 0, such that

EP
[
e

1
6
‖WN‖6L61‖WN‖L2≤K

]
≥EP

[
e

1
6
‖WN‖6L61‖Π⊥MWN‖L2<K1

· 1‖ΠMWN‖L2≤(K2−K2
1 )1/2

]
≥EP

[
e

1−σ
6
‖Π⊥MWN‖6L61‖Π⊥MWN‖L2≤K1

· e−Cσ‖ΠMWN‖6L61‖ΠMWN‖L2≤(K2−K2
1 )1/2

]
,

where 1 � M � N will be fixed later. Using the fact that Π⊥MWN is independent
of ΠMWN , the above quantity equals to

εM,NEP
[
e

1−σ
6
‖Π⊥MWN‖6L61‖Π⊥MWN‖L2≤K1

]
,

where
εM,N := EP[e−Cσ‖ΠMWN‖6L61‖ΠMWN‖L2≤(K2−K2

1 )1/2 ].
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Note that for fixed M , εM,N is uniformly bounded from below in N .
Pick 0 < δ < K1 − ‖Qλ,α‖L2 , then

EP
[
e

1−σ
6
‖Π⊥MWN‖6L61‖Π⊥MWN‖L2≤K1

]
=EP

[
exp

(1− σ
6
‖Π⊥MWN‖6

L61‖Π⊥MWN‖L2≤K1

)]
−P[‖Π⊥MWN‖L2 > K]

=IM,N −P[‖Π⊥MWN‖L2 > K],

where

IM,N := EP
[

exp
(1− σ

6
‖Π⊥MWN‖6

L6 · 1‖Π⊥MWN−Qλ,α‖L2≤δ

)]
.

It suffices to show that for appropriately chosen M , IM,N is unbounded in N .
To this end, we apply the variational formula (3.2) to

F (W ) :=
1− σ

6
‖Π⊥MΠNW‖6

L61‖Π⊥MWN−Qλ,α‖L2≤δ,

it suffices to show that

EP
[1− σ

6
‖Π⊥MWN +Qλ,α‖6

L61‖Π⊥MWN−ΠMQλ,α‖L2≤δ −
1

2
‖Qλ,α‖2

H1

]
is unbounded as N →∞.

As in the analysis in the previous subsection, we first minorize

‖WN +Qλ,α‖6
L6 ≥ (1− σ)‖Qλ,α‖6

L6 − Cσ‖WN‖6
L6

for small enough σ ∈ (0, 1) to be specified later. As the expectation of ‖WN‖6
L6 is

bounded, it suffices to show that

JM,N := EP
[(1− σ)

6
‖Qλ,α‖6

L61‖Π⊥MWN−ΠMQλ,α‖L2≤δ −
1

2
‖Qλ,α‖2

H1

]
unbounded1unbounded1 (4.3)

is unbounded from above as N →∞.
We minorize

JM,N ≥EP
[((1− σ)2

6
‖Qλ,α‖6

L6 −
1

2
‖Qλ,α‖2

H1

)
1‖Π⊥MWN−ΠMQλ,α‖L2≤δ

]
−1

2
EP
[
‖Qλ,α‖2

H11‖Π⊥MWN−ΠMQλ,α‖L2>δ

]
.

For σ small enough,

(1− σ)2

6
‖Qλ,α‖6

L6 −
1

2
‖Qλ,α‖2

H1 ≥ c1(α)λ2‖Q‖6
L6(R),

thus

JM,N ≥c(α)λ2‖Q‖6
L6P[‖Π⊥MWN − ΠMQλ,α‖L2 ≤ δ]

−c1(α)λ2‖Q‖2
H1P[‖Π⊥MWN − ΠMQλ,α‖L2 > δ].

Hence it suffices to show that there exists M � 1 such that for any sufficiently large
N, λ = N

10
,

P[‖Π⊥MWN − ΠMQλ,α‖L2 > δ] <
c(α)

4c1(α)

‖Q‖6
L6

‖Q‖2
H1

.probaboundprobabound (4.4)
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Indeed, recall that ‖ΠMQλ,α‖L2 ≤ C
√

M
N

. As far as M � δ2N ,

P[‖Π⊥MWN − ΠMQλ,α‖L2 > δ] ≤P[‖Π⊥MWN‖L2 > δ − ‖ΠMQλ,α‖L2 ]

≤P
[
‖Π⊥MWN‖L2 >

δ

2

]
.

From (3.9), we have (with δ0 = δ
2
)

P
[
‖Π⊥MWN‖L2 >

δ

2

]
≤ C0e−cMδ2 .

Therefore, by choosing M large enough such that

C0e−cMδ2 <
c(α)

4c1(α)

‖Q‖6
L6

‖Q‖2
H1

,

then for any N � M
δ2

, we obtain (4.4).
In summary, we have shown that JM,N → ∞ as N → ∞, and this proves the

non-normalizable for the case K > ‖Q‖L2(R).

•Final remark for the case K = ‖Q‖L2(R): For the normalizability, the answer
is yes, thanks to the celebrated work of Oh-Sosoe-Tolomeo [5], where the Gibbs
measure with mass truncation 1[0,‖Q‖L2(R)]

(‖u‖L2) is constructed. As we already know

that for the mass-critical focusing NLS on Rd (which is the case for the quintic 1D
NLS), at the mass threshold of the soliton, solutions can blowup. Moreover, Merle
has shown that ([4]) any minimal mass blowup solution is the soliton modulo the
pseudo-conformal symmetry. Thus the result in [5] illustrates that minimal mass
blowup solutions are negligible from the macroscopic point of view.
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